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Proposition 0.1 (Exercise VI.8.1). Let z1,29 € C. Then forn =0,1,2,... we have
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z — Z
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Proof. To compute the first integral, we note that z +— 2" has a primitive on all of C, given
n+1
by F(z) = 2= Then

n+1"

n+1 n+1
A1 T *

2"dz = / Fldz = F(z) — F(z) = ———
/[\21732] [Z1,Z2] n + 1

Let y(t) = (1 —t)z1 +tzo. Then 7/(t) = 22 — 21, so applying the definition and using linearity,
we get

/{zm} H= /olmn(z2 —a)dt = (2 - 2) /01 ((1 — 1)z, + tZ)" dt
= (22— 21) /01(21 itz — 7)) dt

Now we perform a substitution. Let u = ¢(Zo — Z1). Then du = (Z5 — Z1)dt, so continuing to
work with the same expression gives

t=1 n U=z9—21
u Z9 — 21 Z9 — 21
(29 — zl)/ —du = =———= / udu = ——— u"du
t=0 <2~ %1 22 = 21 Ju=0 22 = 21 J[0,z3—71]

Applying the computation above,

_ <Z2 - Zl) (Zo—2Z)""" (- 2)(E—2)"

Z2— 21

n-+1 n+1



Proposition 0.2 (Exercise VI.8.3). Let f be a continuous complex valued function defined
on |z — zp| < R. For 0 <r < R, let C, denote the circle |z — zy| = r. Then

i [ )

r—0 C, zZ— 20

dz = 2mif(z)

Proof. Parametrize C, by 7 : [0,27] — C given by ~(t) = 25 + re®. Then +/(t) = ire®.
Applying the definition of the integral,

G, [T G0) SO0 s | " G(0)

N O

:i/o%f( / f(zo +re™)

Let € > 0. Since f is continuous, there exists 0 > 0 so that

D et dt

|z —20| <0 = |f(2) = fl20)| < e
Choose r < ¢. Then
r=|re"| = |(z0 +ret) — 20| <6 = |f(z0+7e") — f(20)] <€

Then

21

=i f(zo +re™)dt — 2mif(z)
0
2 27

i fzo +re™)dt —i f(Z[))dt‘ =i

dz —2mif(zo)

’ Cr % T 20
27

(f(z0 4+ re™) = f(z0)) dt

0 0 0

2m 2w
S/ ‘f(Zo—i-?“@it)—f(Zo)’dtS/ edt = 2mic
0 0

Putting this all together, for € > 0, there exists § > 0 so that

r<d = /() dz —2mif(z0)| < 2mie
Cr % T 0
which is equivalent to
lim /() dz = 2mif(z0)
r—0 C, Z — ZO
[
Proposition 0.3 (Exercise VI.12.2).
0o ) B 00 . ) B T
/ cos(z”) dx = / sin(z®) de = [ =
0 0 8



Proof. Let R > 0 and let G = {z t|z| < R,0< Argz < %} Let vz be the bound-
ary curve of Gpg, oriented counterclockwise. Then 7y is the “union” of three continuous
curves v, va, Vi with vk = [0, R], 73 = [Re™*,0], and 7%4(t) = Re'™/* for t € [0,1].
We parametrize vk, 7% in the standard way, vh(t) = Rt and v3(t) = (1 — t)Re™™/*. The
derivatives are

Rim ,
,Y}?/(t) =R 7]2?/(25) _ Temr/4 ,y?%/(t) _ _Rem/4

22

Since the function z — e¢™*" is holomorphic on C,

3
0 :/ e dy = Z/ e dz
TR j=1 vig

We compute these three integrals individually.

2 1 242 R 2
/ e dz:/ e_Rtht:/ e dx
~E 0 0

R
Sarason computes ffooo e dr = /7 (page 72), and since the integrand is symmetric about
the y-axis, taking the limit R — oo we get

lim e dz = / e dr = ﬁ

R—o0 7}1% 0 2
Now for v%. After applying the definition, we make the substitutions z = (1 — ¢)R and
dr = —Rdt to get

1 0 R
/ e—ZQdZ _ / 6—((1—t)Re”/4)2(_Reiw/zl)dt _ / e”/4e_“”2dx _ _em/4/ e_i$2dx
~3 0 R 0

R

R R
= —e”“/ cos(—2?) + isin(—a2?)dr = —ei”/4/ cos(z?) — isin(z?)dx
0 0
= —6”/4/ cos(z?)dx + 2'6”/4/ sin(z?)dx
0 0
Taking the limit as R goes to infinity,

lim e dz = —e”/4/ COS(xZ)dx—i-ie”/‘l/ sin(2”)da
R—00 7}3% 0 0

So now if we can compute the integral over 7%, we can write the integrals we set out to
compute in terms of its real and imaginary parts.

1 1 ,
/ e dt] < / e dt = / (e*R%”"”
3 0 0

7(Reit‘rr/4)2 Rim 6it7r/4

1
BN gp = B [ omreos(5) gy
4 A




Note that for t € [0, 1], we have the inequality 1 — ¢ < cos (%t), SO

1 1
o~ R2cos(5t) < e R % e~ 12 cos(51) gy < Rr e~ R2(=1) gy
0 0

Now in this integral we substitute x =1 — ¢t and dx = —dt to get

Rr ' e, Rt o ', Rrm
Toe d.ﬂU:Te A@dmzw(€—1)

which goes to zero as R — co. So combining our computations,

6”/4/ cos(xz)dx—iei”M/ sin(z?)dx VT
0 0

— /0 cos(xz)da:—z'/o sin(z?)dw 2;{34 = \/g—i g

:>/ COS(CBZ)CZI’:/ sin(z?)dx = T
0 0 8

Proposition 0.4 (Exercise VII.4.1). Let b € (0,1). Then

/°° 1—b+ a2 i —
oo (1 = b+ 22)2 + 4ba? e

Proof. Let @ > 0 and let R be the rectangle with vertices +a,+a + iv/b. Let v be the
boundary of R oriented counterclockwise. Then f(z) = H% is holomorphic on R, since the

denominator vanishes only at 44, and b < 1 = /b < 1 implies that =i lie outside R. By
Cauchy’s Theorem for a convex region,

1
/ 2d,z:()
,yl-i-Z

We can break this integral into four parts,

1
[ o Lo St L)
v 142 aativh]  Jlativh—ativh] J—ativh—a] J[aa]

We evaluate each integrals individually. Let v, = [—a, a], parametrized as v, (t) = a(2t — 1)
for ¢ € [0,1]. Then using the definition and the substitution u = a(2t — 1), we get

! 1 L |
dz = 2a dt = du = arct
/%f : /0 T+ (a2t —1))2" /_a1+u2 e

Note that

a

= 2arctana

—a

lim fdz = lim 2arctana =7
a— 00 o a—r o0

4



Let 75 = [a,a + iv/b], parametrized as 45(t) = tiv/b + a. Then applying the definition and
making the subtitution u = ¢/,

1 1 Vi Vb 1
dZ:/ i bdt:i/ ——du
/72 / o 14 (tivb+ a)? o 14 (iu+a)?

Multiplying out the denominator and multiplying by the conjugate, we get

1 B 1 _ 1 1+ a® —u? — 2aui
1+ (iu+a)?  1T+a®—u2+2aui 1+ a?—u?+ 2aui (1+a2—u2—2au7j)
1+ a® —u? — 2aui
(1+a?—u?)? + 4a?u?

Let 74 = [—a+iv/b, —a], parametrized as y4(t) = iv/b(1—t) —a. Then applying the definition
and making the substitution u = v/b(1 — t), we get

/74 fdz:/ol 1+(z’¢5(11—t)_a)z(_“/l_’)dt:i/; mdu

Multiplying out and multiplying by the conjugate as above,

1 B 1 B 1 1+ a® —u? + 2aut
1+ (iu—a)? 1+a®—u2—2aui 1+a?—u2— 2aui <1—|—a2—u2+2aui)
1+ a® —u* + 2aui
(14 a? —u?)? + 4a?u?

So we get

Vb 1 2 _ 02— Qaui
/fdz:z'/ +(21 1;2 auQZQdu
. o (I+a?—u?)?+4ad’u

Vb 1 2 02 1 2aqui
/fdz:—i/ + a® — u” + 2aui du
. o (I+a?—u?)?+4au?

Adding these together, we see that the real parts inside the integral cancel,

Vb 2 2 . NG 2 2 .
1 — -2 1 — 2
/fdz—i—/fdz_i/ ta u aur du—i/ ta U+ cau du
72 Y4 0 ( 0 (

1+ a? — u?)? + 4a’u? 14+ a? —u?)? + 4au?

./‘/E 4au J
=1 u
o (14 a?—u?)?+ 4a%u?

Using mathematica, this integral is

=vh (a2+b—1) , <a2_1>
=¢arctan | ——— | —rarctan
- 2a 2a

, (a2+u2—1)
1 arctan | ——

2a




Note that

lim arctan (i> = lim arctan (a ) _r

a—00 2a a—00 2a 2

lim ( fdz+/ fdz) =0
aree 72 4

Now let 75 = [a + iv/b, —a + iv/b] and parametrize it by ~3(t) = a(l — 2t) + iv/b. Then
applying the definition and making the substitution u = a(1 — 2t,

1 -a 1
L= [ e [ e

Working with the integrand, we simplify it to
1 B 1 3 1 1+ u? — b —2uivh
+(u+ivh)?2  14u?—b+2uivh 1+u2—b+2uivb \ 14 u2—b—2uivb

14w —b—2uivh
© (14 u2 —b)2 + 4u?b

So we can rewrite our integral as

- 1+u?—0 —a —2uvb
dz = d ; d
/%fz / (1+u2—b)2+4uzb““/a 1+ u—b2+4u2b""

Using mathematica, we evaluate the imaginary part as

e —2uv/b 1 WA NS RN
5 D) D) dU: —tanh ——
o (1+u?—=0)2+4u?b 2 2vb

—a

R DU (a2—|—b+1) T <a2+b—|—1>
2 2vb 2 2v/b
=0

@ 1+u?—0
dz = — d
/%fz /_a(1+u2—b)2+4u2bu

Combining all of our results,

(Lo o= sm ([ [ e

SO

So we get

= lim — | fdz= lim fdz
a—r0o0 'YS a—r o0 ’Yl
_ a 1—b+22 .
= alg& O —bras 4bx2d$ = algl;}Qarctana

. /°° 1—0b+ 22 gy —
(1 —b+ 22)? + 4ba?



Proposition 0.5 (Exercise VIL.5.1). Let G C C be open and let f : G — C be holomorphic.
Let C' be a counterclockwise oriented circle with C' C G and the interior of C' contained in
G. Then for zy in G in the exterior of C,

f(z)

Cc %

dz =10

Proof. Define g : G\ {20} — C by g(2) = % Then g is holomorphic on G \ {2} in a
convex neighborhood of C, so by Cauchy’s Theorem for a convex region (VIL.2 of Sarason),

/ g(z)dz = /(z) dz=10
c c

Z— 20

]

Proposition 0.6 (Exercise VIL.6.1). Let 29 € C and R > 0. Let f be holomorphic in the
disk D = {z : |z — z0| < R}. Then for 0 < r < R, the value of f at zy is the average of f

over the disk |z — z| < r. That is,
1
0) = = f(z)dA

Proof. This pretty much just a computation, involving an application of change of variables
and Fubini’s theorem.

m,g//f 7Trg//f56"*‘121059176131——//fzo—irse )sds df

where the extra factor of s comes from the Jacobian determinant in the change to polar
coordinates. Now we apply Fubini’s Theorem to change the order of integration.

_ 2/ /fzo—i—se sdsd@-—2 (/ f(z0+ sel )d@)ds
wr wr

Applying the result for averages over circles,

r 2

= [ stnsonds = 2ot [ Csds= 2705
0

w2 J, 2

= f(20)

]

Proposition 0.7 (Exercise VIL.7.1). The Cauchy integral of the constant function 1 over

[0,1] s
flx+1iy) = %ln (%) +1 (arctan <1_T$) + arctan (g))



Proof. Let v = [0, 1], parametrized by ~(t) = t. Let z = x + iy with x,y € R. Then
1 L | | t—x+i Y t—atd

[ e [ e [ () [ e,
LW =2 o t—x—iy o t—x—iy \t—z+1iy o (t—z)2+y

1 1
t—x . Y
= ————dt + / ———dt
/0 E—o2+ " Sy T2ty

First we compute the real part by making the substitution v = (t — x)? + y? and du =
2(t — x)dt.

1 (1—z)24y?
t— 1 1
/ %dt:/ —du= ~Inlyl
0 (t — l’) +vy 22492 2u 2 2242

_1 o oy Lyoo oo 1 (1—2)*+y°
_21n((1—;1:) +y)—2ln(aj +y)—21n Ry

(1—z)%4y?

Note that x + 7y = 0 and x 4 iy = 1 are not in our domain, and the square of a real number
is nonnegative, so this always makes sense. Now we compute the imaginary part, making

the substitution © = ¢t — z and du = dt.
=1 1—x —x
= arctan (| —— | — arctan [ —
t=0 Yy Y

1
t —

/ Ldt = arctan ( x)
o (t—m)%+y? Y

= arctan | —— | + arctan | —
Yy Yy
/ dw = —-1In (%) +1 (arctan (_x) + arctan (£>)

Thus

O
Proposition 0.8 (Exercise VIL.8.1a). Let C' be the unit circle. Then
sin 2z 2mi
dz = —
/C 238 7 37
Proof. By the Cauchy integral formula,
A 37! / sin z g
——sinw=— [ ————d=z
dw?7 211 Jo (2 — w)38
The 37th derivative of sinw is cosw. Setting w = 0,
37! [ sinz sin z 2mi
COSO:% CﬁdZ:/CZTdZ:ﬁ
O



Proposition 0.9 (Exercise VIL.8.2).

1 [ 1 1
2 Jo 1 —2rcosf+r2 1—r2

Proof. Fix r € (0,1). First we rewrite the integral to look nicer.

1 1 1

1—2rcosf+r2 1—2r (% (e + e—ie)) + 72 T 1 —reif —pe® {2
i0 i0
e

e
et — pei20 _ p 4 p2ei0 - (eie _ r)(l _ Teie)

Now define

1
f(z)—m

Note that f is holomorphic except at z = % Parametrize the unit circle C' by v(0) = ¢* for
6 € [0,27]. Then +/(0) = i, so

Mdz _ 2 f(7<9))7/(9> o — 27 f(ezﬂ)iewde _ /27r ei@
. o (e¥—r

: —df
z—r el —r el —r 1 —re®
c 0 0

By the Cauchy integral formula,

ﬁdz:%z’f(r):zm( ! )): 2

cZ—T i(1—r? 1 — 72
Thus
1 2 1 2 0
— d@:i/ N 0
21 Jo 1 —2rcos +r? 21 Jo (e —1r)(1 — re?)
1
Ly,
2 Joz =7
B 1 2
Cor \1—1r2
B 1
1 =2

O]
Proposition 0.10 (Exercise VII.8.3). Let a,b € Cwith |a] < 1 < |b|. Let C be the unit circle

with counterclockwise orientation. Let m,n € Z with n > 1. Then

(m—n+1)!(n—1)!

1 (z_b)mdz: L!(a—b)m"“rl n—1<m
0 n—1>m

Proof. Let f(z) = (2 —b)™. Then by the Cauchy integral formula,

ntyy_ (=1L [ (z—b)" L [ (z=b", [ )
f ) = /C(z—a)nd'z:> _'/C(z—a)”dz_ (n—1)!




(Note that here we use the fact that n > 1). So we just need to compute f™Y(a). If
n—1>m, then f"V(a) =0. If n — 1 < m, then

f(n—l)(z) =m(m—1)(m—2)...(m—2+2)(z — b)™ "

— m' m—n+1
oY
So |
(=1, — "M pymentl
/ (a) (m—n—i—l)!(a b)
Thus

m m! m—n
! /ﬂdz: (m—T)!(n—m(a—b) Ton—1<m
27 Jo (z —a)” 0 n_1>m
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